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The main result of the paper are the following Theorems: Theorem 1: Suppose that |ω| 2 (t) < ∞ for t ∈ [t 1 , t 2 ] and also that |ω| ∞ (t 1 ) < ∞ and |∇ω| 3.01 (t 1 ) < ∞. Then |ω| ∞ (t) < ∞ for t ∈ [t 1 , t 2 ] and an upper bound (equation (43)) on |ω| ∞ (t) can be given as a function of t, max t∈[t 1 ,t 2 ] |ω| 2 (t), |ω| ∞ (t 1 ) and |∇ω| 3.01 (t 1 ).
Theorem 2: Suppose that |ω| 2 (t) < ∞ for t ∈ [t 1 , t 2 ] and that |ω| ∞ (t 1 ) < ∞ and |∇ω| 3.01 (t 1 ) < ∞. Suppose also that there exists n 0 such that for all n > n 0 , either |ω| n (t) ≥ e e for all t ∈ [t 1 , t 2 ] or |ω| n (t) is a continuous function of t for all t ∈ [t 1 , t 2 ]. Then for all sufficiently large n, |ω| n (t) ≤ max(e 1 n e e t 2 −t 1 |ω| n (t 1 ), e e ) and |ω| ∞ (t) ≤ max(|ω| ∞ (t 1 ), e e ) for t ∈ [t 1 , t 2 ].
Theorem 3: Suppose that |ω| ∞ (0) < ∞. Then for any T > 0, there exists a unique solution of the 3D Navier Stokes Equationsω(x, t) for x ∈ R 3 and t ∈ [0, T ], such that |ω| ∞ (t) < ∞ for t ∈ [0, T ].
Theorem 4: Suppose that |ω| 4 (0) < ∞. Then for any T > 0, there exists a unique solution of the 3D Navier Stokes Equationsω(x, t) for x ∈ R 3 and t ∈ [0, T ], such that |ω| ∞ (t) < ∞ for t ∈ (0, T ].
Proof of Theorem 1.
Part 1: Take Navier Stokes equation forω and take the inner product withω(x) integrate over space and by parts on the viscosity term to obtain 1 2
The absolute value of the integral on the right hand side of (3) can be estimated as 
Notice that in the above estimate ǫ is arbitrarily small. Using this estimate = 0.6593424. Putting the estimates together we obtain
Since we can rewrite the viscosity term as shown in the (10) we obtain that the viscosity term is positive definite
From (9) we obtain
≤ e 3 N (t 2 −t 1 ) 1.43 · 10
Therefore we obtain that
Part 3: Differentiate with respect to x the Navier-Stokes equation for ω.
Take inner product with ∂ xω
Integrate over space and by parts.
Add the equations obtained similarly but with differentiation with respect to y or z instead of x.
Plugging the expression forū in terms ofω
on the right hand side, we obtain
We can rewrite the right hand side of (19) as
The absolute value of the integrals over |y| ≤ 1 can be estimated from above by 3 2π
The absolute value of the integral over |y| > 1 is bounded by 1 4π
Therefore we obtain from (19) that
We derive that
Therefore
This implies
Part 4: Now we are going to estimate |∇ω| 3+ε (x)d 3 x. Taking the gradient of the Navier-Stokes equation for ω and then taking the scalar product with∇ω we obtain
Multiplying (26) by |∇ω| 1+ε and integrating we obtain
The viscosity term in (27) can be rewritten as
Therefore the viscosity term in the equation (27) is positive definite. The absolute value of the right hand side of (27) can be rewritten as
The first integral on the right hand side of (29) can be estimated as
The second integral on the right hand side of (29) can be evaluated as
The third integral on the right hand side of the equation (27) can be evaluated as
The fourth integral in (27) can be estimated as
The fifth integral in (27) can be estimated as
Putting all the estimates together we obtain
Estimating the right hand side of (35) from above and integrating over t we obtain
Part 5: Taking the scalar product of |ω(x)| n−2ω (x) with the NavierStokes equation for ω and integrating over the whole space we obtain
We rewrite the absolute value of the integral over |y| ≤ |ω| −1 2 on the right hand side of (37) as
The absolute value of the integral over |y| > |ω| −1 2 can be estimated as
Therefore we obtain from (37) that
We obtain that 3.01 (t 1 ) + 1
5
.
As a result we obtain that if 
Now we shall improve the estimate on |ω| ∞ (t).
Proof of Theorem 2.
Suppose first that there exists n 0 such that for all n > n 0 , |ω| n (t) ≥ e e for all t ∈ [t 1 , t 2 ]. Let n > n 0 .
Below we consider n satisfying the following condition
in fact, we shall consider even larger n, because instead of |ω| ∞ (t) we shall use the estimate (44)
and instead of |∇ω| 3+ε 3+ε we shall use (36)
6.02 3 6.02 3
Therefore consider n such that
For n satisfying (49) we have that
After integrating we obtain ln ln ln |ω|
Therefore we obtain
Therefore we obtain that |ω| n (t) ≤ e 1 n e e ( t−t 1 ) |ω| n (t 1 ) and |ω| 2 (t) ≤ e 1 n e e ( t−t 1 ) |ω| ∞ (t 1 ) for t ∈ [t 1 , t 2 ]. (53) Taking n → ∞ we obtain that
Suppose now that there exists n 0 > 0 such that for all n > n 0 , |ω| n (t) is a continuous function of t for all t ∈ [t 1 , t 2 ]. Let n > n 0 be such that the condition (49) is satisfied.
Suppose |ω| n (t 1 ) ≥ e e . By continuity of |ω| n (t) we obtain that there exists a set consisting of a union of intervals ∪ j I j such that on each interval I j , |ω| n (t) < e e for all t ∈ I j . Let (
] is such that |ω| n (t) ≥ e e for all t ∈ I ′ k and |ω| n (t ′ 1 k ) = e e . Then by formula (53) we obtain
For the first interval
Therefore |ω| n (t) ≤ e 1 n e e t 2 −t 1 |ω| n (t 1 ) for all t ∈ [t 1 , t 2 ].
Taking n → ∞ we obtain that
Suppose |ω| n (t 1 ) < e e . By continuity of |ω| n (t) we obtain that there exists a set consisting of a union of intervals ∪ j I j such that on each interval I j , |ω| n (t) < e e for all t ∈ I j . Let (
Then by formula (53) we obtain that
Therefore if |ω| n (t 1 ) < e e we obtain |ω| n (t) ≤ e 1 n e e t 2 −t 1 e e for all t ∈ [t 1 , t 2 ].
Taking the limit n → ∞ we obtain that
Proof of Theorem 3.
Theorem 3: Suppose |ω| ∞ (0) < ∞. Then for any T > 0 there exists a unique solution of the 3D Navier Stokes Equation
, (where C is a constant independent of ω, ν, etc.)
Proof: First we shall construct an argument to show that if certain assumptions on ω hold then the soluion is bounded. This argument will be used below.
Suppose we have that |ω| ∞ (0) < ∞. Then by the Local Existence and Uniqueness Theorem (see Theorem 4.2 in [Ku] , where we take p = 2 and M 2p = |ω| ∞ (0)) there exists t 0 = ν 2C|ω| 2 ∞ (0) such that for t ∈ [0, t 0 ], we have that there exists a unique solution such that |ω| 2 (t) < ∞ and also by the analyticity results in the same theorem we know that for all δ ∈ (0, t 0 ], |ω| ∞ (δ) < ∞, |ω| 3+ε (δ) < ∞, |∇ω| 2 (δ) < ∞, |∇ω| 3+ε (δ) < ∞. Let δ = t 0 . Assume that |ω| 2 (t) → ∞ as t → T and |ω| 2 (t) < ∞ for t ∈ [0, T ). Also assume that for all n large enough either |ω| n (t) ≥ e e for all t ∈ [0, T ) or |ω| n (t) is continuous as a function of t for all t ∈ [0, T ). Then for any N > N 0 (for sufficiently large N 0 ) there exists δ N > 0 such that |ω| 2 (t) ≤ N , for all t ∈ [0, T − δ N ]. Then by Theorem 1 and Theorem 2 we obtain that |ω| 2 (t) ≤ |ω| ∞ (δ) and |ω| ∞ (t) ≤ |ω| ∞ (δ) for t ∈ [δ, T − δ N ]. By taking N → ∞ we obtain that |ω| 2 (t) ≤ |ω| ∞ (δ) and |ω| ∞ (t) ≤ |ω| ∞ (δ) for t ∈ [δ, T ). By Local Existence and Uniqueness Theorem (see Theorem 4.2 in [Ku]), we obtain that there exists t 0 > 0 such that there exists a unique solution that is continuous and analytic and such that |ω|
and then by Theorem 1 and Theorem 2 we obtain that
Thus we showed that if certain assumptions on ω hold then for any T > 0 the solutionω(x, t) is finite for allx ∈ R 3 and t ∈ [0, T ].
To show existence and uniqueness of a solution on [0, T ], we shall repeatedly use the Local Existence Uniqueness Theorem (Theorem 4.2 in [Ku] ).
Since |ω| ∞ (0) < ∞ there exits t 0 > 0 given by t 0 = ν 2C|ω| 2 ∞ (0) such that there exists a unique solution of 3D Navier Stokes Equations that is continuous and analytic on [0,
. Usingω(x, δ) as the initial condition, we obtain that by the Local Existence and Uniqueness results there exists a unique solution which is continuous and analytic for t ∈ [δ, δ + t ′ 0 ]. By Theorem 1, Theorem 2 and arguments above we obtain that |ω| 2 (t) ≤ |ω| ∞ (δ), and |ω| ∞ (t) ≤ |ω| ∞ (δ) for all t ∈ [δ, δ + t ′ 0 ]. Repeating this argument k times, we obtain that for t ∈ [δ +(k −1)t ′ 0 , δ + kt ′ 0 ] there exists a unique solution of the 3D Navier Stokes Equation such that |ω| 2 (t)
For any T > 0, we can continue this argument up to k such that k ≥
, to obtain that there exists a unique solution of the 3D Navier Stokes Equation
Proof of Theorem 4. Proof: First we construct the argument that shows that if certain assumptions on ω hold, then the solution remains bounded. This argument is used later in the proof.
Suppose we have that |ω| 4 (0) < ∞. [Ku] we obtain that for any δ ∈ (0, t ′ 0 ], |ω| ∞ (δ) < ∞, and also we have that |ω| 3.01 (δ) < ∞ and |∇ω| 3.01 (δ) < ∞. Suppose that δ = t ′ 0 . Suppose that for some T > 0, |ω| 2 (t) → t→T ∞, but |ω| 2 (t) < ∞ for t ∈ [0, T ). (By the argument above we know that T > t ′ 0 ). Suppose also that there exists n 0 such that for all n > n 0 either |ω| n (t) ≥ e e for all t ∈ [t 1 , t 2 ] or |ω| n (t) is a continuous function of t for all t ∈ [t 1 , t 2 ]. For any N > N 0 (for a sufficiently large N 0 ), there exists δ N > 0 such that |ω| 2 (t) ≤ N , for all t ∈ [δ, T − δ N ]. Then by Theorem 1 and Theorem 2 we obtain that |ω| 2 (t) ≤ |ω| ∞ (t) ≤ |ω| ∞ (δ) for all t ∈ [δ, T 
